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SUMMARY

The propagation velocities and the variation of the amplitudes of thermo-acoustical waves in thermo-plastic materials
are theoretically investigated. The constitutive equations of anisotropic thermo-plastic materials are derived from the
concept of imaginary decomposition of the deformation rate tensor into the elastic and plastic contributions and from
that of the plastic potential. From generalized Vernotte's heat conduction law the propagation condition of the jumps
of the velocity gradients and of the temperature rate is obtained. In isotropic materials and in the case of 2 normal
stress vector on the wave front we have two purely mechanical transverse waves and two thermo-longitudinal coupled
waves. Formulae for the velocities and amplitudes are quite similar with those for thermo-elastic materials. The variation
of the amplitude is discussed. There are, in general, three effects on the variation, that is, the non-planar, heat conduction
and plastic flow effects. The transverse waves are subjected only to the non-planar effect, while the thermo-longitudinal
waves may grow or decay according to the above three effects.

1. Introduction

The plasticity theory has been one of the most important fields of continuum mechanics and
until now there has been proposed a myriad variety of that theory. Recently the author
presented two kinds of plasticity; one [1] was derived from the hypo-elasticity [2] and the
other [3] was due to the concept that there is imaginary decomposition of the deformation rate
tensor into the elastic and plastic contributions and the plastic part of it is proportional to the
gradient of a plastic yield function. The thermal influence was also taken into consideration
to the plasticity [4, 5].

The waves propagating in a material depend on not only their mechanical properties but
also on their thermal properties. Therefore a wave, in general, must be a thermo-mechanical
coupled wave.

In order to cancel the infinite propagation velocity of the thermal disturbance, which is the
natural result of the Fourier’s law, Vernotte [6] proposed a modified heat conduction law :

. 1
g;,= — ;(qi—l—rcT,i), (1.1)

where ¢; and T denote, respectively, the heat flux and the temperature, and 1 and « are,
respectively, the relaxation time and the conductivity constant. In this paper a comma followed
by a suffix denotes the partial derivative with respect to a coordinate.

Applying (1.1) to the analysis of thermo-mechanical coupled wave propagation, Popov [7].
Achenbach [8] and Chen [9] discussed one-dimensional wave propagation in thermo-elastic
materials. Also Tokuoka [10, 11] investigated the propagation and growth and decay of
three-dimensional waves of arbitrary form in anisotropic and isotropic thermo-elastic materials.

On the other hand pure mechanical waves in generalized Prandtl-Reuss plastic materials
were analyzed by Tokuoka [12-14] and recently he applied Vernotte's law (1.1) to thermo-
plastic materials introduced in [ 5], then he investigated the propagation and growth and decay
of plane coupled waves in those materials [15, 16].

In this paper three-dimensional thermo-acoustical waves of arbitrary form in thermo-plastic
materials are discussed theoretically. In section 2 the constitutive equations of anisotropic
thermo-plastic materials are defined and their isotropic forms are obtained. In section 3 brief
summaries of the theory of surface and of the compatibility conditions of the first and second
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10 T. Tokuoka

orders are depicted. In section 4 the classification of the waves and the propagation velocities
are given and in section 5 the variation of the amplitude is analysed. In the last section six
important points of the obtained results are discussed shortly.

2. Thermo-plastic materials
The constitutive equations of the linear thermo-elastic material were derived in [10] as
1
6= po(Ciutnt+Cyb), n=-— F(Cijgij'i_ce)’ (2.1a,b)
0

where o;;, 1, p, &; and T denote, respectively, the stress, the specific entropy, the density, the
strain and the temperature, and

6=(T—T,)/T, (22)

is the dimensionless temperature, and where C;j,, C;; and C are the material constants and
express mechanical, thermo-mechanical coupling and thermal properties of the materials,
respectively. Here and henceforth the suffix zero indicates a quantity in the equilibrium state,
and the summation convention with repeated suffixes is applied.

2.1. Anisotropic thermo-plastic materials

Differentiating (2.1) with respect to time and neglecting small quantities of second-order in the
deformation gradient, we have

, ; ) 1 X .
0;j= Po (Cijkzdkl+cij9) s h=- T (Cy;di;+CO), (2.3a,b)
0

where
d;;= %ﬁ(vi,j +v;,) (2.4)
denotes the deformation rate tensor and v, is the velocity of a material particle.

Now we assume that in a plastic flow state the velocity of a material particle is imaginarily
decomposed into elastic and plastic contributions, that is,

dij= gd;;+ Pdij s (2.5)
where the suffixes E and P indicate, respectively, the elastic and plastic parts of a quantity.
Furthermore we assume that the relations (2.3) hold for materials in plastic flow state when
d;; is replaced by gd;;. So we have
1

f=— T (Cyjedi+ CH) (2.6a,b)

6i;= Po(Cijupdu+ Cijé) )
for thermo-plastic materials.
Here we suppose that plastic flow may occur when the stress state satisfies the yield condition:

¥(oy) =0. @.7)

In general the yield function y depends upon a thermodynamic variable, e.g., the temperature.
"However we assume here that this dependence is so small that it may be neglected and (2.7)
holds for the thermo-plastic material

Von Mises [ 17] proposed a plastic flow rule such that the plastic part of the deformation rate
tensor is proportional to the derivative of the plastic potential y(o;;) with respect to the stress
tensor. Then

pdi;= $0y/00;;= Py, (2.8)

where ¢ is a scalar proportionality coefficient.
Substituting (2.6a) and
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Thermo-acoustical waves in thermo-plastic materials 11

Edij= dij_¢‘yij (2'9)
into the perfect plasticity condition:

Yi;65=0, (2.10)
we have

¢ =F;d;+F0, (2.11)
where

’ = Yab Cabij , F = yabCab (212&,1’))
ycdccdefyef ychcdefyef

From (2.6), (2.9) and (2.11) we have the constitutive equations of the anisotropic thermo-
plastic materials.

d'iszijkldkl+Pijéa ﬁzP;jdij_i_ng (2.13a,b)
where the plasticity tensors and scalar are given by

P = po(Cijmu— CijapVapFua) (2.14a)

P = po(Cyj— CijapYarF) » (2.14b)
1

Py == T, (Cij—CapyarFi)) = — poTs F;, (2.14c)
1

P =—- = (C=CuyuF). (2.14d)
T,

Now we assume that the anisotropic heat conduction law [10]:
Gi= —vi;(q;+ K0 x) (2.15)

holds for our thermo-plastic materials, where v;; and K;;=x;; T, denote, respectively, the inverse
relaxation time tensor and the conductivity tensor.
For the thermo-clastic materials [ 10] the law of energy conservation is expressed by

poTon = —qi;, (2.16)

which means that the variation of heat in a portion of the material is due to the heat flow
through its boundary surface. Here we assume that (2.16)holds for our thermo-plastic materials*.
Then from (2.13b) and (2.16) we have

gi;i= ~poTy (P;jdij+Pé)' (2.17)

* We assume that the rate of the specific Helmholtz free energy is expressed as

¥ =H,d;+H, (F1)
and H;; and H may depend upon some state variables but they are independent of the temperature gradient. Then the
Clausius—Duhem inequality :

pW+nTy—0,d; + %qiT,,-§0 (F2)
is satisfied for all admissible processes, if

o;=pH;, n=—-H/T,, ¢60,<0, (F3)
From the law of balance of energy, which is expressed as

pW+nTy =o0,d;—q;,+ps, (F4)
we can easily obtain

pTH= =g, tps (E5)

where s denotes the specific heat supply and is assumed to be zero in our thermo-plastic materials.
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12 T. Tokuoka
2.2. Isotropic thermo-plastic materials

In an isotropic material material tensors must be isotropic tensors. Hence from the familiar
theorems of tensor analysis we have

A 2 ‘
Cij = —= 0300 + — (0w +6u03) » (2.18a)
Po Po
3442 ,
Cj = — P a aTyo;= —Ady;, (2.18b)
C = -«T5, (2.18¢)

where A and p are the Lamé elastic constants, « is the coefficient of thermal expansion, cy is
the specific heat at constant volume, and §,; denotes the Kronecker delta. Refer, e.g., to Thomas
[18, Chap. 1].

Now we assume the so-called von Mises yield condition:

ohah =2k, (2.19)
where
o= Uij“%gkkaij (2.20)

is the deviatoric stress tensor and k is a material constant. This yield condition is a natural
consequence derived from the assumptions that y(s;)) is a quadratic form of the stress compo-
nents and its coefficients are isotropic tensors and that y(o;;) is pressure-insensitive. See
von Mises [17].

Substituting (2.18) and (2.19) into (2.12) and (2.14), we have the isotropic plasticity tensors
and scalar:

Pja= Aaij5k1'|‘Au(aikajt"‘51’15]7:) - kﬁz’ 0503 (2.21a)

P, = —(it+2u)aTyo,, (2.21b)
3442 P.

P = h ”rxéi,: -, (2.21¢c)
Po poTo

P =cyT,. (2.21d)

Thus we have the constitutive equations of an isotropic thermo-plastic material:

O.-ij = ldkk511+2ﬂdu - % O-;:ldklo-:s'_(3)u+2ﬂ)fx Tau ’ (2.223)
342 , ’
-tk ady+ceyT, (2.22b)
Po
Also we have from (2.17)
gii = — (3242w Tody—pocv T, T (2.23)

3. Surfaces of arbitrary form and compatibility conditions of the first and second order

We consider a two-dimensional regular surface X in a Euclidian three-dimensional space. It is
represented by the form:

x;=¢;(E%; 1), (3.1)

where x; (i=1, 2, 3) are the Cartesian coordinates of a point on X, £¥ (K =1, 2) are the curvi-
linear coordinates of the point on ¥ and ¢ denotes the time.
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Thermo-acoustical waves in thermo-plastic materials 13

Basic formulae are summarized here from the theory of surface. Refer, e.g., to Thomas
[18, Chap. 4].

mm=1, nx;x=0, (3.2)
XigL=bgLn;, mx= —g™M b X m : (3.3)
g by =20, (3.4)

where n;, x; ¢, g*°, b, and Q denote, respectively, the normal vector, a tangent vector, the
contravariant fundamental metric tensor, the second fundamental form and the mean curvature
of X.

According to Thomas we may introduce an important concept, that is, the § time derivative.
From his analysis [19] we have

on;

5t

where U denotes the normal velocity of 2. Formula (3.5) shows that, if U is constant on X at
an instant, the normal direction of X can not rotate at that time.

If the normal velocity U is homogeneous in the region into which X propagates, any surface

of Z at any time is parallel with each other. Thomas[ 18, Chap. 4] proved that the mean curvature
of the parallel surfaces is given by

Q,—K,l
1-2Q414+ K12’
where Q, and K, denote, respectively, the mean and Gaussian curvatures of a surface from
which the normal distance [ is measured.

Now we assume that ' is a moving surface over which the derivatives of some quantity may
have jump discontinuities. We define the discontinuity [f] in f by writing

[f1=/-—fs, (3.7)

where the subscripts — and + refer, respectively, to the back and front sides of the moving
surface.

The geometrical and kinematical compatibility conditions of the first and second order are
given by

_gKLU,Kxi,L s (3-5)

Q= (3.6)

Lf =/, [f]=-US, (3.8a,b)
[f,ij] :fninj‘l‘gKLf,K (nixj,L+ njxi,L) _f—gKLgMNbKMxi,ij,N » (3.9a)
\ - of -

[f.= (_ Uf+ 5{) n—Ug*"x; xf 1 (3.9b)

[/1=Uv%7-2U g (39¢)
where

[f1=0 (3.10)
and the constant value of U are assumed and

f= [f,i]ni > fE [f,ij]ninj' (3'11)

See, e.g., Thomas [20, 19] or Truesdell and Toupin [21].
4. Propagation velocities of thermo-acoustical waves in thermo-plastic materials

A moving singular surface associated with the jumps of the velocity gradient and the tempera-
ture rate is called a thermo-acoustical wave if the following two conditions hold :
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14 T. Tokuoka

(i) v;, 0, 0y, 1 and q; are continuous everywhere.
(i) The derivatives of the first and second order of v; and 0 have jump discontinuities across the
singular surface but are continuous everywhere else.
From the relations (2.13) and (2.15) and above definition we can say that the derivatives of
the first order of o;;, # and g; have jump discontinuities across the singular surface.
The stress and the velocity must satisfy the equation of motion:

Oy, = Poli» 4.1
where the body force is assumed to be zero.
4.1. Waves in anisotropic aterials

Applying the definitions (i) and (ii) and the compatibility conditions of the first order (3.8) to
(2.13a), (2.17), (4.1) and (2.15) we have

—~Ué;= Pytm—UP;0, - (4.2a)
gin;= —po Ty (P};5;n,—UPD), (4.2b)
Gin;= —poUb;, (4.2¢)
—Ug;= —v;;K;yn,0. (4.24)

Eliminating &;; and g; from (4.2), then we have the propagation conditions of the thermo-
acoustical wave,

(pQu—U?03) B~ U»0:0 =0, (4.3a)
~UpQ;0;+(:Q~U*ToP)0 =0, (4.3b)
where
20, = Lot o Bmy o R @4)
Po Po Po

The propagation conditions (4.3) are combined into a single relation of the form:

pRypas =0, 4.5)
where
Qik— Uzéi — U Qi
HPRaﬂ = ¥ * }; s (46)
—UpQ; pQ-U"T,P
a, = (;, 0), 4.7)

and the greek suffix runs from one to four.
The propagation velocities of the thermo-acoustical wave are, then, solutions of the equation :

det(pR,5) =0, (4.8)

which yields four roots. So we have, in general, four waves having the same normal direction n;.
4.2, Waves in isotropic materials

Substituting (2.21), v;;=(1/7)J;; and K;;=x T, 4;; into (4.4) we have
2

T

pQu = (& — cR)mm+ ey — 2 ofor,
kT, '
i:_Ani’ = —, 49)
0 Q=" (
where
A+2u\* * :
cL = < a ,u) , Cr= <ﬁ> (4.10)
Po- Po
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Thermo-acoustical waves in thermo-plastic materials 15

are, respectively, the longitudinal and transverse wave velocities of the purely mechanical waves
i a linear elastic material, and

of=o¥%n; (4.11)
denotes the deviatoric stress vector acting on the wave front surface.

4.2.1. Normal stress vector
If the stress vector (4.11) is normal to the wave front, i.e.,

¥ =o*n;, 4.12)
we have
pQik = (pcf — ct)mme+ 3y, (4.13)
where
c2 g*2\}
pCL = €, (1 bt _C% F) , . (414)
then we have
2-U? 0 0
0 c2-U? 0
[PRg] =11 O 0  pi—-U? AU , (4.15)
T,
0 0 av Bl T2
Pot

where we adopt n,=(0, 0, 1).

From the yield condition ¢33+ ¢%*+0**=2k? and the relation % +0%+0%=0, where
o and 0% are other two principal deviatoric stresses, we can easily obtain 2/,/3 >o*/k > 1.
Then we have

32420\
L .ZPCL ch < * ”)> (4.16)

3(A+2u

From (4.5) and (4.15) we can say that two transverse waves are purely mechanical and have
the same propagation velocity ¢y as in the case of isotropic linear elastic materials while two other
coupling waves, called the thermo-longitudinal waves, have velocities, which are roots of

(pcf~—U2)<’;—T2 ~ e TgUZ) _ 4202 (4.17)
0
or : o
U\ L UN?
<_> - (1+pﬁ2+py)(—> + pﬁz = 0 N (4.18)
PCL A pCL

and the ratio of the amplitudes is given by

U 2
=) -1
a4 _p0 <ch> (4.19)

a, A ( U> ’
PCL
K 3 A?
B E<*> > PYE 33 4.20a,b
? Pcf Potey Ty ? Pcfcv T% ( )

are dimensionless quantities, which depend not only upon the material constants but also upon the
normal deviatoric stress vector acting on the wave front.
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16 T. Tokuoka

Equations (4.17) and (4.18) have the same form as for thermo-longitudinal waves in linear
thermo-elastic materials [10, Egs. (5.7), (5.12)], and we may obtain (4.18) and (4.19) when
¢L, B and yin (5.7) and (5.12) of [ 10] are, respectively, replaced bypc; , pf andpy. Furthermore
Figures 1 and 2 of [ 10] may be used after the same replacements of the three quantities ¢;,
and y.

4.2.2. Non-normal stress vector

In this case we can not separate the transverse waves from the thermo-longitudinal waves.
If we adopt the x,-axis such that the (x,, x3)-plane contains the stress vector acting on the wave
front, we have

E-U? 0 0 0
2
0 2-U? - % o¥ac* O
Rl = 2 . (4.21)

0 — é— o5c* pci—U? AU '

KT,
0 0 AU —0 ¢y TRU?

Pot

The thermo-acoustical tensor (4.21) shows that there is one purely mechanical transverse
wave, which has velocity ¢; and polarization direction along the x,-axis, while the other three
waves are neither purely mechanical and thermal, nor purely transverse and longitudinal.
Henceforth we will focus our attention to the case of a normal stress vector.

5. Variation of amplitudes of thermo-acoustical waves of arbitrary form in isotropic thermo-
plastic materials

From the definition (3.7) of the jump discontinuity, the product of two quantities f and g
has the following jump discontinuities:

[fe]l=0[/1lg)+[f1g++/+[g], (5.1a)
[f9l=—[f1g]+[f19-+/-[4] . | (5.1b)

In this section we consider two kinds of waves, that is, proceeding and receding waves.
When the plastic region proceeds into the elastic region we say that the boundary is a pro-
ceeding wave, while, if the reverse occurs, we say that the boundary is a receding wave. Also
we assume here that the stresses in both sides satisfy the yield condition and so the stresses
have the same values while one side remains in the elastic state such that v; ;=60=0 but other
side is in plastic flow. Then, assuming that f and g in (5.1) are the velocity gradient and/or the
temperature rate and regarding the boundary as a singular surface, we have

[fal=x[f]ld]. (5.2)

where the plus and minus signs refer, respectively, to the proceeding and receding waves.

Now we assume that the deviatoric stress vector ¢} given by (4.11) is normal to the wave
front and holds a constant value along the path and the waves have constant propagation
velocities. Hence we have the case mentioned in the subsection 4.2.1.

Differentiating (4.1) with time, eliminating ¢;; from it and (2.22a), and dividing the result
by po, we have

(CIZ._c%)vk,ik+c%vi,kk_iji_Aé,i
3.

~ 73
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Thermo-acoustical waves in thermo-plastic materials 17

and differentiating (1.1) and (2.23) with x; and time, respectively, and eliminating 4; and ¢;
from them, and dividing the result by p,, we have
kT, A ey T}

Av cyT20 — 2220, + 20, +
Ugrtoviy pot kk 7 Uk

6=0. (5.4)

Applying the compatibility conditions of the second order (3.9) to (5.3) and (5.4) and using
(5.2) and

E H 2 1 * ok
o= U an;+a;n—3a,n, 6 — 12 i (5.5)

we have after some lengthy manipulations that

-

Sa, T ,
2U 5—‘; —20(c2 ~ ) (agny) n;— 2Q 2 ai+ 20 % (oF a) o
+(cf =B g {(aex )+ (am) KXiL)
2
c
- k—§ QKL {O'Ifl(aknl),KU?;‘xj,L_"O';(kl(akxl,L),KO-?:}

t 1 1 ) 1
+ IZ;JI; {o’?‘ (af + §(ak ny)? — 2 (o ak)‘>+ (oF a) (ai +Ha,n,)ni—— oF (o"’f'am)>}

kz
da
—A ’gti n;— UgKin,Kq4,L>
2
. _ C _ =
— (et~ ) (Bem)n; + (U — c3)b; + 2 (c¥ D)otk — AU, (5.6)

day

1
A 5tk n+ A KZQU + ;) (aknk)—gKLU(akxksL),K}

UT,Q ey T3
e, 720 0% 4 <_"_0~_CV_0U> a
ot PoT T

(5.7)
5.1. Transverse waves

For a transverse wave polarized along a tangent direction defined by a unit vector ¢, we have
the amplitude ar=a, 1, and

mt; =0, an.=a,=0, U=cs. (5.8)
Multiplying (5.6) by t; and referring to (5.8) and (4.12) we can easily obtain

dat

TI = QaT s . (59)

where ! denotes the normal path length and §/6t=Ud/dl is used.
From (5.9) and (3.6) we have the global variation formula:

ar(0)
all) = G20, 1+ R, PP (5.10)

The above formula is identical with that of the thermo-elastic materials.

Journal of Engineering Math., Vol. 8 (1974) 922



18 T. Tokuoka
5.2. Thermo-longitudinal waves

For a thermo-longitudinal wave we have the amplitudes a; =a, n, and a,, which are connected
by (4.19). The propagation velocity U satisfies (4.17) and we have
WXk = QX g = O X g = O X, g = 0. (5.11)

Multiplying (5.6) by n; and referring to (5.11) we have

da, , da,  2poct <4 0*2> . 2
2U5_l‘— 2QPcLa3—AWi Ukz 3 kz / g asz
= (U2~ pcl) (Beny) —AUD . (5.12)

Also multiplying (5.12) and (5.7) by AU and (pcf — U?), respectively, and referring to (5.11) and
(4.17) we have

5 5 A
A(Pcf—UZ)—;ti — A2 U+2ey TRU (pc2 — U?) —;T“ —{ 204U3ay — ?(Pcf—Uz)} as
W oy T2U Qpyct (4 o*2
L G L IR o (ELS R TL

Then, expressing a, by a; from (4.19), using (4.17), (4.20) and /6t = Ud/dl, and dividing the
both sides of (5.13) by

(2ey T§ Upct/ A) {py+ (U?/pci — 1)},

we can obtain the differential equation:

d —
%:(Q—%>a3+ﬂ3 a3, (5.14)
where
U2 2
g (e
PV =1 FL (5.15)

2 U2 U2 2
(G-
is a dimensionless quantity and
2)6-%)
Hy=py (:0—%13:)<‘Z‘> U K/ A3 Uzk2 2
ol (@07

pCL PCL

(5.16)
has the dimension of the inverse of velocity. On the other hand if we express a; by a, from
(4.19) we have

da, _ (Q-i)a4iﬂ4aﬁ, (5.17)

dl Ut
o*\ (4 o*?
- 43042 (7) <§_F>
where I1, = aT,py o <3 ki ,u) 3 - 3 7
pCL k U f U
PCL »

- (5.18)

2
PCL

is a dimensionless quantity.
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Thermo-acoustical waves in thermo-plastic materials 19

The quantity pv, called the damping factor, has the same form as that in the case of thermo-
longitudinal waves in thermo-elastic materials and we may obtain pv by the replacement of
cpand Bin[11, Eq. (4.9)] by pc, and pf, respectively. Figure 3 of [10] is then useful for this
case by the above replacement.

The differential equations (5.14) and (5.17) can be integrated easily and we have the global
variation formulae:

i) - @ " &)
r (1-2Q01+ Ko 2 1411 ap(0)I(l)

(T'=3,4), (5.19)

where a3(0) and a,(0) are, respectively, the initial amplitudes of a; and a, at =0, and

e 2

T o (1=2Qy s+ Ko s2)

(5.20)

6. Discussions
6.1. Classification of physical properties of waves

From the definition (3.7) of the jump we can say that, if [5] >0, [¢] =0 and [p] < 0 over the
wave front, the waves are, respectively, compressive, equivoluminal and expansive waves. The
law of conservation of mass shows [ p] = — pa,n,, then we can say that the transverse wave is
equivoluminal while the thermo-longitudinal wave is an expansive wave if a; >0 and a compressive
wave if a; < 0. '

The inequalities [6] >0 and [#]< 0 denote, respectively, heating and cooling waves. Then
from [0] = —Ua, and U >0 we can say that, the wave is cooling if a, >0, while the wave is
heating if a, < 0. On the other hand [#] >0 and [#] < 0 denote, respectively, entropy increasing
and decreasing waves.

Figures 1 and 2 of [10], which hold for our case when ¢, f§ and y are replaced, respectively,

" by pcy. pP and py, show that there are two kinds of waves, i.e., the almost mechanical faster wave
for U > pcy, and the almost temperature rate slower wave for U < pey *
From (2.22b), (4.18) and (4.19) we can easily obtain that

2.0 T 2 2o T <U_§_ 1>.
[7] = pB ey Tg [6] - pB” pci Cy Ty \ pCi. Z16]. (6.1)

pCL PCL
Then we have formally four kinds of thermo-longitudinal waves:
(iy The entropy increasing, heating, compressive, faster and almost mechanical wave,
ii) The entropy increasing, heating, expansive, slower and almost temperature rate wave,
i

(iii) The entropy decreasing, cooling, expansive, faster and almost mechanical wave,
(iv) The entropy decreasing, cooling, compressive, slower and almost temperature rate wave.

6.2. Effects on variation of amplitude

There are three kinds of effects on the variation of amplitudes of the waves, that is, (i) The non-
planar effect, (ii) The heat conduction effect, and (iii) The plastic flow effects.

* We now exclude the special case py=0. In this case a wave having U=pc, exists.
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20 T. Tokuoka

6.2.1. The non-planar effect

The factor 2 in (5.9), (5.14) and (5.17), and the factor (1 —2Qy!+ K, ?)* in (5.10), (5.19) and (5.20)
show the non-planar effect. From (5.10) we can say that the variation of the amplitude of a
transverse wave is subjected only to the non-planar effect. If we have a positive real root I of

1-2Q L+ K, 2 =0, (6.2)

the wave front has a focal point or a focal line at [=[.*
6.2.2. The heat conduction effect

The positive dimensionless quantity pf of (4.20a) depends upon the heat conduction, which is
represented by a non-zero value of x. Then the damping factor pv of (5.15) depends upon the

- heat conduction. Formulae (5.19) show that the heat conduction damps the amplitudes of the
waves exponentially with respect to the path length.

623 The plastic flow effect

If the material concerned is not a plastic material but an elastic material, the yield strength k
must tend to infinity. Then the quantities I (I'=3,4) of (5.16) and (5.18) reduce to zero, and
we have the differential equations:

dar

Pv
- - = )
o <Q UT) ap ([=34) (63)
These are, of course, identical with (4.8) of [11]. Hence we can say that the quantities IT - indi-
cate the plastic flow effect.

6.3. General criteria of growth and decay of wave

The integral I(/) of (5.20) is a monotonically increasing function of / and I(0)=0. Then the
formulae (5.19) show that (a) if +IT;s.(0) are non-negative, the amplitudes a,(I) decrease
monotonically, while (b) if 4+ ITa, are negative and if the path length [, which is a smaller
solution of '

1
= F — 4
o) =7 7% (6.4)
exist, the a, () may blast out at I=1, and (c) if +IIar< 0 and if there is no solution of (6.4),
ar(l) cannot blast out.

At /=1, we have an infinite magnitude of the amplitudes a,. Then the definition (i) of the
thermo-acoustical wave depicted in section 4 can not be applied at the point and we may have
discontinuities of v; and 6 there. So we can say that the thermo-acoustical waves may coalesce
into thermo-mechanical shocks when the amplitudes blast out.

From (4.19) the amplitude ratio is independent of the path length, then if a3 or a, blasts out
at a point, the other must do at the same point, and if one of them does not blast out, the other
does not also. Thus the above discussion shows that a4 and a, must have the same sign. Certain-
ly from (4.19), (5.16) and (5.18) we have

Hya,=1I,a,. (6.5)

Then we can say from (6.4) and 6.5) that the amplitudes of the mechanical and thermal compo-
nents of the thermo-longitudinal wave, if they blast out, tend to infinity at the same time.
Therefore among the four kinds of waves formally given in subsection 6.1., we have two ad-

* If two positive real Toots of (6.2) exist, I, must be taken to be the smaller root.
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missible waves (i) and (iii). The upper and lower signs of the double signs in (5.19) refer, re-
spectively, to proceeding and receding waves. Hence we can say that the proceeding compressive
heating and the receding expansive cooling thermo-acoustical waves may blast out and coalesce
into shock waves if (6.4) has a positive solution. These two waves may be classified into a same
type of wave, that is, the boundary wave where the material in the plastic flow side is more
compressive and heating than that in the elastic side.

6.4. Plane waves

In this case Qy,=K,=0, (5.20) can be integrated and we have

ar(0) exp <— %,]_v; l>

ar(l) = (F=3, 4), (6.6)
ar(0) PY 1}
22 (e (- 5 1)
where
= U:Hr (I'=3,4) (6.7)

are called the critical amplitudes. The formula (6.6) is identical with the one-dimensional
acceleration wave in materials with memory analyzed by Coleman and Gurtin [22].
Then we can say that
If either
(a) the absolute magnitudes of the initial amplitudes are less than the critical amplitude, or
(b) the proceeding expansive heating wave, or receding compressive cooling wave is concerned,
then the amplitudes decay down monotonically as the path length tends to infinity.
Ifthe initial amplitudes are equal to the critical amplitudes, then the amplitudes remain constant
values.
On the other hand, if both
(c) the absolute magnitudes of the initial amplitudes are larger than the critical amplitudes, and
(d) the proceeding compressive heating wave, or the receding expansive cooling wave is con-
cerned,
then the amplitudes blast out monotonically in the finite path length given by

Uz A
l,=—"1o (li f). 6.8
pY g ar(O) ( )

6.5. The case of no plastic flow effect

If I1-=0, the differential equations (5.14) and (5.17), and the formulae (5.19) reduce to those
for thermo-elastic materials, which were analyzed in the former article [11].

From (5.16) and (5.18) we have II=0, if 6*=0 or +2k/,/3. It is easily obtained that these
stress states are the following cases:

ot = —o¥=+k o*=0, 6.9)
and
\/3 s O-* = ;ﬁ ka (610)

where of and o% are two principal deviatoric stresses whose principal axes are tangent to the
wave front.
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6.6. Non-conductor and a material with no thermo-mechanical coupling

A material, in which heat can not flow, is called a non-conductor. The non-conductor has a van-

ishing value of the conductivity K;;=x =0, thus Q=0 from (4.4);. Then from (4.5), (4.6) and

(4.8) a thermally discontinuous static surface may exist, where we have a,#0 and ;= U=0.
A material with no thermo-mechanical coupling has the constitutive equations

dijz Pijkldkla ’7=P9: (6.11a,b)

i.e., they are separated into purely mechanical and purely thermal equations. Taking P;;=0=0
in (4.4) we have pQ,;=0. Then the thermo-acoustical tensor pR,;is separated into two partsand
the propagation condition (4.8) reduces to

det (PQik—U25ik)= 0, U?= ;% . (6.12a,b)
0

Equations (6.12a) and (6.12b) give, respectively, the propagation velocities of the purely
mechanical acoustical waves and of the pure temperature rate wave.
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